Here we present additional experimental and theoretical information to support our recently submitted manuscript listed as Ref. [1] .
S1. EXPERIMENTAL METHODS
The first step in our experiment is the conditional generation of single photons based on the proposal by Duan, Lukin, Cirac and Zoller (DLCZ) [2, 3] . In this protocol, heralded single photons are generated from excitations stored within an atomic ensemble. Single photon sources based upon atomic ensembles have been studied extensively; see Refs. [4] [5] [6] [7] [8] for in-depth information.
Here we briefly present the experimental details relevant to our investigations.
We implement the DLCZ protocol with a cloud of ∼ 10 6 cesium atoms that are collected using a magneto-optical trap (MOT). Periodically, at a rate of 40 Hz, we switch off the trapping lasers and the magnetic field for the MOT, and we prepare all the atoms into the F= 4 hyperfine manifold (6 2 S 1/2 ) of Cs. After waiting 3 ms for the MOT fields to decay, we begin a series of ≈ 6400 trials, each with a period of 625 ns. To begin each trial, we illuminate the cloud with a weak nearresonant "write" laser pulse which excites a Raman transition with low probability for a collective mode of the ensemble. The success of this process is heralded by a Raman scattered single photon that is correlated with the presence of an atomic excitation. By way of a many-atom cooperative enhancement [3, 9] , the atomic excitation can be efficiently converted into a single photon in a well-defined spatial mode with the application of an intense "read" pulse. This heralded single photon forms the basis of our experiments, as described in Ref. [1] .
We have studied the characteristics of our single photon source in detail [5, 6] . Importantly, the two-photon suppression, y c = 2(
where N is the number of optical modes, of the purportedly entangled stateρ W depends on the presence of multiple collective excitations within the ensemble. The relative probability of a trial that has multiple ensemble excitations to a trial that has a single excitation can be suppressed by reducing the write laser intensity. Therefore, we can exercise full control over y c of the quantum stateρ W by way of a tunable write laser intensity. Furthermore, we can understand the efficiency of heralded single photon generation. After accounting for detector and transmission losses, we estimate that the efficiency of the readout process in our experiments is ≈ 50%. This leads to a single-photon probability of p 1 ≈ 20% (p 1 ≈ 10%) in our two-mode (four-mode) experiments for the entangled stateρ W in Fig. 1A of Ref. [1] .
The generation and verification of entanglement in our experiments require that the relative phases of the purportedly entangled optical modes in Fig. 1 [10] . These beam displacers are birefringent crystals which separate an input state into two parallel modes based on its polarization. Therefore, the two displacers support a pair of interferometrically stable modes, which are encoded in |H and |V .
However, for our quadripartite entanglement experiments (Fig. 1C in Ref. [1] ) beam displacer pairs alone cannot define four spatially resolved stable optical modes. Therefore, we have devised a convenient method that combines passive stability and active stabilization. The beam displacers BD 1 -BD 2 support four modes of which the relative phases of modes {1, 2} (β 1,2 ) and {3, 4} (β 3,4 ) are inherently stable. However, as is clearly visible in Fig. 1C (Ref. [1] ), the relative phases of modes {1, 3} (β 1,3 ) and {2, 4} (β 2,4 ) depend on the independent paths through, for example, fiber-optic PBS 1 and PBS 2 . By incorporating an auxiliary reference laser, E aux , we can actively control the relative path lengths of the modes {1, 3} and {2, 4}. Prior to BD 0 in Fig. 1C (Ref.
[1]), we overlap the orthogonally polarized E aux and the input mode (ρ in ); the frequency of E aux is the same as the single photon's. To stabilize β 1,3 and β 2,4 , we set (λ/2) v at 0
• and create interference fringes at the outputs of BS 1 and BS 2 . Phase-modulation spectroscopy allows us to lock the relative phases so that a high contrast interference (V > 0.99) is achieved. Control of the relative path lengths for the modes as well as their modulation is afforded by piezo-electric fiber stretcher modules located between PBS 1 and BS 1 , and PBS 2 and BS 2 , in Fig. 1C of Ref. [1] . These devices provide up to 20 π of dynamic range enabling the interferometers to remain continuously locked for several days. Importantly, to avoid noise associated with the auxiliary laser in the single-photon detectors {D 1 , ...,D 4 }, E aux must be filtered out. In our work, phase stabilization is performed asynchronously with entanglement generation and its verification in the fiber-based network of interferometers. This eliminates the need to wavelength filter E aux as was necessary in previous experiments [11] . During the 21 ms of our 40 Hz experimental cycle that the MOT is activated, E aux is switched on, the output modes of the sum uncertainty setup are directed toward an auxiliary set of detectors with MEMS fiber multiplexers, and our servo electronics stabilize β 1,3 and β 2,4 . To prepare for measurements of ∆, we switch off E aux and reroute the output modes to the single-photon detectors with the MEMS multiplexers, and we use dynamic liquid-crystal polarization rotators to set (λ/2) v at 22.5
• . Further, we apply calibrated feedforward signals to the servo electronics that can precisely scan the relative phases of modes {1, 3} and {2, 4} to explore the dependencies of our ∆ measurements. Fig. S1 shows the number of photons (n c ) detected at D 1 and D 2 as a function of β 1, 3 . Here all other relevant optical phases in our setup were optimized to achieve minimum ∆. Therefore, at minima and maxima of n c corresponding to β 1,3 = 0, 180
• , we find that ∆ is 0.06 ± 0.01.
Our entanglement verification protocol requires that we characterize the photon probabilities of the sum uncertainty output modes and those of modes 1-4 that comprise the stateρ W . We infer these photon probabilities from a time record of photodetection events obtained with single photon counters placed at the outputs of the relevant modes. Based upon independent measurements of the transmission losses to the photodetectors, we determine the photon probabilities [12] . Specifically, for measurements of y c we obtain a set of sixteen probabilities that characterize the diagonal elements of the reduced density matrixρ (r) W = p 0ρ0 + p 1ρ1 + p ≥2ρ≥2 . The diagonal elements are P ijkl where the index i = {0, 1} is for finding zero or one photon in mode 1 ofρ W , j = {0, 1} in mode 2, and so on for k, l in modes 3 and 4 (Fig. 1C of Ref. [1] ). The vacuum subspace ofρ (r) W is characterized by the term p 0 = P 0000 . Four elements comprise the one-photon subspace,ρ 1 , via p 1 = P 1000 + P 0100 + P 0010 + P 0001 . Likewise, 11 elements comprise the subspace with two or more photons,ρ ≥2 , subject to the restriction of one photon per mode, with p ≥2 = P 1100 + P 1010 + · · · + P 1110 + · · · + P 1111 . In the case of y c measurements, the typical detection efficiency including the photodetector quantum efficiency is ≈ 20%. To infer the photon probabilities at the outputs of the verification interferometers (Fig. 1C of Ref. [1] ) for our measurements of ∆, we follow a similar procedure, but we confine our analysis to the subspacesρ 0 andρ 1 . In this case, the typical photon detection efficiency is ≈ 30%.
Similarly, due to the use of lossy optics and photodetectors that do not resolve photon number for our projectors (Eq. 2 of Ref. [1] ), the measured sum uncertainty ∆ m includes spurious contributions from multiple photons p ≥2 . To account for this, we follow the procedure described in Ref. [13] , which leads to a conservative estimation of the photon sum uncertainty ∆ arising only fromρ 1 . In the case of balanced losses, the correction factor c is expressed in terms of two-photon suppression y c and transmission efficiency η with
For our experimental parameters, the correction factor (c − 1) ≈ 6% is obtained for y c = 1, as depicted in black line of Fig. S2 . This is significantly smaller than the fractional uncertainties δ(∆m) ∆m ≈ 25% of our data. Furthermore, since the correction factor scales as y c , the correction factor gives (c − 1) < 1% for the relevant data sets of y c < 0.15 for four-mode entanglement (Fig.  4 in Ref. [1] ). Following the standard procedures for loss propagations [12] , we also account for the effect of differential losses and imbalanced beamsplitter ratios (red line in Fig. S2 ). (Table S1 ).
S2. CONCURRENCE AND BIPARTITE UNCERTAINTY RELATIONS
For bipartite systems, there exist entanglement measures such as concurrence (C) and entanglement of formation [14] which range from 0 for a fully separable state to 1 for a maximally entangled state [15] . In Ref.
[1], we quantitatively compared our method of entanglement verification with uncertainty relations to a theoretical calculation of concurrence based on a model in Ref. [10] . Here we derive a relationship between concurrence and the degree that a measurement of the sum uncertainty violates the entanglement boundary, specified by the measured ∆ and the uncertainty bound ∆ (1) b . Following Ref. [11] , we find that the concurrence is given by C = V p 1 − 2 √ p 0 p 2 , where V corresponds to the fringe visibility when the two modes are interfered [11] . If we normalize the concurrence by the 1-photon probability p 1 , we obtain
where
. Let us first define the visibility V in terms of the measured ∆. We denote P 10 (P 01 ) as the normalized probability to find 1 photon only in the output mode 1 (2) (Fig. 1B of Ref. [1] ) such that P 10 + P 01 = 1. The visibility is given as V = |P 10 − P 01 |. Similarly, the sum uncertainty is defined as ∆ = 1 − (P 10 ) 2 − (P 01 ) 2 , which then yields,
We relate the two-photon contamination y c to the uncertainty bound ∆
b . In this way, we can understand the dependence of C N on the degree for which the inequality ∆ ≥ ∆ b , we consider a separable state of the form,
and the phases φ 1 , φ 2 . This state parameterizes all possible pure separable states, and mixed states can be accounted by arbitrarily mixing different pure states. For bipartite systems, however, the uncertainty bound for pure states is convex (Fig. 3B of Ref. [1] ), and any mixing of the pure states increases the sum uncertainty [16] . Therefore, we only consider the cases for pure states, and we find
By substituting Eq. S3 and S5 into Eq. S2, we obtain the relationship between concurrence and the violation of uncertainty bounds for a biseparable system, namely
We emphasize the equivalence of the two verification protocols based on the violation of the uncertainty bound and the concurrence. The operational differences between the two entanglement verification protocols are the measurements of visibility (by varying the relative phase β 1,2 ) and the sum uncertainty ∆ (with a fixed relative phase β 1,2 ). In Fig. S3 , we compare the concurrence C (ρ W ) N directly measured via quantum state tomography [11] and the concurrence C N inferred from violation of the uncertainty bound ∆ (Fig. 2C of Ref. [1] ). The precise correspondence of the two experimental results suggest that the underlying relationship between the two entanglement verifications methods, as derived here (Eq. S6), is correct. (open triangles) based on quantumstate tomography [11] and the concurrence C N (filled circles) inferred from the measured degree of violation of the uncertainty bound specified with parameters {∆, ∆ (1) b } (Fig. 3 of Ref. [1] ). The red curve shows the theoretical prediction of concurrence as a function of the two-photon component y c based on a model in Ref. [10] . The errors in C N reflect the 1σ-statistical uncertainties and the error bars for the measured concurrence C 
S3. CONSTRUCTING THE PROJECTIVE OPERATORS FOR THE UNCERTAINTY RELA-

TIONS
In the presence of transmission losses {η, η } and imbalanced beamsplitter ratios {α, α } in the verification interferometers shown in Fig. S4 , the projectors no longer correspond to the pure [13] . Using the standard technique for loss propagations and beamsplitter transformations [12] , the original projectors |W i W i | become mixed states of the following form,
where q
gives the probability of a successful projective measurement in mode i for an entangled state |Π i , |0000 0000| is the vacuum state, and |Π i Π i | is a pure state containing a singlephoton shared among four optical modes [13] . In the case of a conditional measurement (i.e. post-selecting the cases where we find a single-excitation among the four outputs of the cascaded beamsplitters in Fig. 1C of Ref. [1] ), |Π i Π i | describes the projective measurement for the output mode i,M i = |Π i Π i |. Unlike the original projectors |W i in Eq. 2 of Ref. [1] , these projectors |Π i may not be orthogonal, but they span the single-photon subspaceρ 1 of the physical stateρ W .
Generally, any imbalances (whether they are due to differential losses or beamsplitter ratios) in the verification interferometers cause reductions of the overlaps | W i |Π i | 2 between projectors |W i and |Π i , thereby making the protocol less sensitive to entanglement inρ W [13] . In practice, the corrected bounds ∆ Table S1 . In our data analysis, we infer the photon statistics of modes {1 , ..., 4 } inρ out at the outputs of the verification interferometers from the measured photodetection statistics at detectors {D 1 , ..., D 4 }. Thus, we exclude the losses corresponding to the output paths of the verification interferometers from our analysis. The small imbalances between the terms {α, α } and {η, η } in Table S1 contribute to the small correction of the theoretical bounds ∆ at y c = 0.035, due to (A) imbalanced beamsplitter ratio (α 23 ) and (B) differential loss (η 3 ), while leaving all other parameters in {α, α } and {η, η } fixed (Table S1 ). In particular, the correction ranges of ∆ (3) b due to the individual uncertainties of α 23 and η 3 are small compared to the measured ∼ 20 σ (standard deviation) suppression of the sum uncertainty ∆ at y c = 0.035 (shown as a filled circle in Fig. S5) .
Finally, we discuss our analysis of the uncertainty δ∆
( Fig. S5C ) due to the systematic uncertainties of all the parameters in {α, α } and {η, η }. We construct the histogram H of ∆ Here, the parameters {α, α } and {η, η } are assumed to follow independent normal distributions, with their means and systematic uncertainties shown in Table S1 . By fitting the histogram with a Gaussian distribution, we infer an uncertainty δ∆ compared to the uncertainty δ∆ (3) b for the bound affirms the unambiguous detection of genuine four mode entanglement.
